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Defect Modes in Chiral Liquid Crystals: An
Analytic Approach

V. A. Belyakov
L.D. Landau Institute for Theoretical Physics, Moscow, Russia

An analytic approach to the theory of the optical defect modes in chiral liquid
crystals (CLC) is developed. The analytic study is facilitated by the choice of the
problem parameters. Namely, an isotropic layer (with the dielectric susceptibility
equal to the average dielectric susceptibility of CLC) sandwiched between two
CLC layers is studied. The chosen model allows one to get rid off the polarization
mixing and to reduce the corresponding equations to the equations for light of dif-
fracting in CLC polarization only. Analytic expressions for the transmission and
reflection coefficients of the defect mode structure (CLC-layer-CLC) are obtained
as well as the dispersion equation determining connection of the defect mode
frequency with the isotropic layer thickness. A limiting case of infinitely thick
CLC-layers is considered in details. The developed approach helps to clarify the
physics of the optical defect modes in CLC and manifests an excellent agreement
with the corresponding results of the previous investigations obtained by a numeri-
cal approach.

Keywords: anomalous absorption; chiral LC; defect modes; low threshold lasing

INTRODUCTION

Recently there was a very intense activity in the field of defect electro-
magnetic modes in chiral liquid crystals mainly due to the possibilities
to reach a low lasing threshold for the mirrorless distributed feedback
(DFB) lasing [1–4], to use the defect modes as narrow band filters [5,6]
and to enhance the nonlinear optical high harmonic generation [7] in
chiral liquid crystals. The defect modes existing as a localized electro-
magnetic eigen state within the forbidden band gap at the structure
defect were investigated initially in the three-dimensionally periodic
dielectric structures [5]. The corresponding defect modes in chiral
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liquid crystals, and more general in spiral media, are very similar to
the defect modes in one-dimensional scalar periodic structures. They
reveal abnormal reflection and transmission inside the forbidden band
gap [1,2] and allow DFB lasing at a low lasing threshold [3]. The quali-
tative difference with the case of scalar periodic media consists in the
polarization properties. The defect mode in chiral liquid crystals is
associated with a circular polarization of the electromagnetic field
eigen state of the chirality sense coinciding with the one of the chiral
liquid crystal helix. There are two types of defects in chiral liquid crys-
tals studied up to now. One of them is an isotropic plane layer of some
thickness dividing in two parts a perfect cholesteric structure and
being perpendicular to the helical axes of the cholesteric structure
[1]. Other one is a jump of the cholesteric helix phase at some plane
perpendicular to the helical axes (without insertion any substance at
the location of this plane) [2].

Almost all studies of the defect modes in chiral and scalar periodic
media were performed by means of a numerical analysis with two
exceptions [8,9], where the known exact analytical expression for
the eigen modes propagating along the helix axes [10,11] were used
for a general studying of the defect mode associated with a jump of
the helix phase. The used in [8] approach looks as a very fruitful
one because it allows to reach easy understanding of the defect mode
physics and it is why it deserves further implementation in the
studying of the defect modes and, in particular, in specific cases
allowing essential simplification of the general relationships related
to the defect modes. In general, the helical media are the unique per-
iodic structure admitting a simple exact analytic solution of Maxwell
equations and, naturally, this advantage of the helical media com-
pared to the other periodic media has to be completely exploited in
solving specific boundary problems, related to the defect modes. In
the present paper an analytical solution of the defect mode associated
with an insertion of an isotropic layer in the perfect cholesteric struc-
ture is presented and some limiting cases simplifying the problem are
considered.

GENERAL EQUATIONS

To consider the defect mode associated with an insertion of an
isotropic layer in the perfect cholesteric structure we have to solve
Maxwell equations and a boundary problem for electromagnetic wave
propagating along the cholesteric helix for the layered structure
depicted at Figure 1.
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The Maxwell equations for the wave propagating along the helix
axes has the following form

@2E=@z2 ¼ c�2eðzÞ@2E=@t2; ð1Þ

where e(z) is the dielectric tensor of the cholestric liquid crystal
[12–14] and z-axes is directed along the helix axes.

As it is well known in the perfect cholesteric structure, i.e. in each
cholesteric layer depicted at Figure 1 there are four eigen solutions of
Maxwell equations (first studied in [10,11]) each of them being a super-
position of two plane wave. Two of these eigen solutions correspond to
the wave nondiffracting in the cholesteric and two other correspond to
the wave diffracting in the cholesteric and have one frequency band
(around so called Bragg frequency) forbidden for propagation of the
wave. The diffracting eigen solutions are related to the circular polar-
ization with the same sense of chirality as the chirality sense of the
cholesteric helix and the nondiffracting eigen solutions are related to
the circular polarization with the opposite sense of chirality. So solving
the boundary problem one has to present electromagnetic wave in the
cholesteric as a linear superposition of the four eigen solutions in each
cholesteric layer of the structure depicted at Figure 1 For a whole struc-
ture the boundary problem is reduced to the four problems related to
the four interfaces of the structure. Except the parameters entering
in the eigen solutions (see below) the mentioned system contains as a
parameter, in particular, the ration of the dielectric constant of the
layer to the average dielectric constant of the cholesteric. So, if one
assumes a simple dielectric properties of the defect layer (its isotropy,
for example) the exact solution of the boundary problem is presented

FIGURE 1 Schematic of the CLC defect mode structure with an isotropic
defect layer.
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analytically as a solution of the system of 8 linear equations. Zero value
of the determinant of this system determines the eigen solution of the
boundary problem, i.e., the defect mode. However, the corresponding
analytical solution and the equation determining the eigen mode are
sufficiently cumbersome in the general case.

An example of exact solution of a more simple boundary problem
for a cholesteric layer surrounded by an isotropic medium (one half
of Fig. 1) is presented in [13,14].

In the result of a general analysis of the present boundary problem
solution and the boundary problem solution for a single cholesteric
layer one concludes that no truly localized defect mode exists for the
boundary problem under consideration. The reason for such con-
clusion is based on the fact that at the isotropic layer boundaries there
is a conversion of the diffracting eigen solutions into the nondiffracting
eigen solutions escaping out of the external cholesteric layer surfaces.
However in the most favorable case when the dielectric constant of
the layer is equal to the average dielectric constant of the cholesteric
the conversion of polarization is low (proportional to the dielectric
anisotropy of the cholesteric) and one may say in the general case
about quasi localized defect mode (see also [8] for the defect modes
related to the helix phase jump).

To clarify the general results we shall present in the next sections
the explicit form of the eigen solutions and the specific cases simplify-
ing solution of the boundary problem, namely case of the dielectric
constant of the isotropic defect layer being equal to the average
dielectric constant of the cholesteric and, in particular, the case of
diffractionally thick cholesteric layers at Figure 1.

EIGEN WAVES IN CHIRAL LC

As it is known [10–14] the eigenwaves corresponding to propagation of
light in chiral LC along the spiral axis, i.e. the solution of the Maxwell
equation (1) are presented by a superposition of two plane waves of
the form

Eðz; tÞ ¼ e�ixt½Eþnþ expðiKþzÞ þ E�n� expðiK�zÞ� ð2Þ
where x is the light frequency, n� are the two vectors of circular
polarizations, c is the light velocity and the wave vectors K� satisfy
to the condition

Kþ �K� ¼ s; ð3Þ
where s is the reciprocal lattice vector of the LC spiral (s¼ 4p=p, where
p is the cholesteric pitch).
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The wave vectors K� in four eigen solutions of (1) are determined
by the Equation (3) and the following formulas

Kþj ¼ s=2� jf1þ ðs=2jÞ2 � ½ðs=jÞ2 þ d2�1=2g1=2; ð4Þ

where j numerates the eigen solutions with the ratio of amplitudes
(E�=Eþ) in (2) given by the expression

nj ¼ ðE�=EþÞj ¼ d=½ðKþj � sÞ2=j2 � 1�; ð5Þ

where j ¼ xe1=2
0 =c; e0 ¼ ðek þ e?Þ=2; d ¼ ðek � e?Þ=ðek þ e?Þ is the dielec-

tric anisotropy, and ek; e? are the principal values of the LC dielectric
tensor [10–14]. Two of the eigen waves corresponding to the circular
polarization with the sense of chirality coinciding with the one of the
LC spiral experience strong diffraction scattering at the frequencies
in the region of the stop band. Other two eigenwaves corresponding
to the opposite circular polarizations are almost not influenced by
the diffraction scattering even at the frequencies of the stop band for
the former circular polarization.

Because, as it is known [2,3,8], the specific of the defect modes in
chiral LC is connected with the eigen waves of diffracting polarization
we shall limit ourselves below by the consideration of propagation of
light of a diffracting polarization only.

BOUNDARY PROBLEM

In this section the boundary problem discussed above in a general
form will be considered under assumption that the specific parameters
of the problem allow a simplification of the mentioned equtions. We
shall assume (see Fig. 1) that the chiral LC is presented by a planar
layer with a spiral axes perpendicular to the layer surfaces. We shall
also assume that the average dielectric constant of the CLC e0 coin-
cides with the dielectric constant of the isotropic external medium
and the isotropic layer inserted between two cholestric layers. This
assumption allows to regard the conversion of one circular polarization
to another one at the layer surfaces as negligible [13,14] because it
is proportional to the small parameter d, the cholesteric dielectric
anisotropy, and allows one to take into account in the consideration
only two eigen waves (and correspondingly only two wave vectors
from Eq. (4)) with diffracting circular polarization.

Begin the consideration of a linear boundary problem in the formu-
lation which assumes that two plane waves of the diffracting polariza-
tion and of the same frequency are incident along the spiral axis at the
both CLC layers (see Fig. 1) from the opposite sides and the dielectric
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tensor may have non zero imaginary part of any sign. Two diffracting
eigen solutions with the structure determined by Equation (2) are
exited in the both cholesteric layers. The amplitudes of the two dif-
fracting eigenwaves denoted Eþu

þ and Eþu
� for the upper and Eþd

þ
and Eþd

� for the bottom layer, respectively, have to satisfy to the
following system of four linear equations [13,14] (as the results of
continuity of the tangential components of the electric and magnetic
fields at the 4 boundaries of cholesteric layers depicted at Fig. 1)

Eþu
þ þ Eþu

� ¼ Eiu

exp½i kd� exp½i KþþL��Eþu
þ þ exp½i kd� exp½i Kþ�L��Eþu

�

¼ exp½i KþþLþ�Eþd
þ þ exp½i Kþ�Lþ�Eþd

�

nþ exp½i K�þL��Eþu
þ þ n� exp½i K��L��Eþu

�

¼ exp½ikd�nþ exp½i K�þLþ� Eþd
þ þ exp½ikd�n� exp½i K��Lþ�Eþd

�

exp½i 2K�þL�nþEþd þ exp½i2K��L�n�Eþd
� ¼ Eid

where Eiu and Eid are the amplitudes of the waves of diffracting polari-
zation incident at the cholesteric layers from the top and the bottom of
the structure at Figure 1, respectively, 2L is the whole CLC structure
thickness, d is the isotropic layer thickness and L� ¼L� d=2 and

Kþ� ¼ s=2� q; K�� ¼ Kþ� � s ¼ �s=2� q;

n� ¼ E��=E
þ
� ¼ d=½ðKþ� � sÞ2=j2 � 1�;

ð7Þ

where

q ¼ jf1þ ðs=2jÞ2 � ½ðs=jÞ2 þ d2�1=2g1=2: ð8Þ

If one assumes Eiu (Eid) is the only nonzero amplitudes the
Equation (6) describes the reflection and transmission of light incident
at the structure (Fig. 1) from above (down).

Let us study the system (6) in the simplest case for very thick cho-
lesteric layers at Figure 1. In this case the amplitudes of the waves
exponentially growing toward the external surfaces of cholesteric
layers have to be zero. Formally, we may put L to be infinitely large.
So, in the cholesteric layers nonzero amplitudes correspond only the
eigen waves propagating toward the isotropic layer. It means that in
the system (6) the amplitudes Eþu

� and Eþd
þ are equal to zero and

the system reduces to the following two linear equations.

exp½i kd� exp½i KþþL��Eþu
þ ¼ exp½i Kþ�Lþ�Eþd

�

nþ exp½i K�þL��Eþu
þ ¼ exp½ikd�n� exp½i K��Lþ�Eþd

�
ð9Þ

(6)
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The defect mode in this case is determined by a zero value of the
determinant of the system (9) reduced to the following condition:

�ð2=dÞExp½iðk� qÞd�fðsq=j2g cosðs=2� kÞd
þ i½ðs=2jÞ2 þðq=jÞ2 � 1� sinðs=2� kÞdg ¼ 0: ð10Þ

For the light frequencies inside the selective reflection band the
value of the determinant (10) becomes zero if the isotropic layer thick-
ness d is connected with the light frequency by the following relation:

ðd=pÞð1� k=ðs=2ÞÞ ¼ ð1=2pÞarctg½2ðs=2jÞf½4ðs=2j2Þ þ d2�1=2 � 1

� ðs=2jÞ2g1=2=½2ðs=2jÞ2 � ½4ðs=2jÞ2 þ d2�1=2��
ð11Þ

It means that for any frequency inside the selective reflection band the
defect mode exists, however the existence condition demands specific
value of the isotropic layer thickness For the finite value of L one
has to solve the system (6). The determinant of the system (6) is given
by the expression

Detðd;LÞ ¼ 4fexpð2ikdÞsin2 qL� expð�isLÞ½ðsq=j2Þ cosqLþ iððs=2jÞ2

þ ðq=jÞ2 � 1Þ sinqL�2=d2�g; ð12Þ

zero values of which determine the defect mode frequencies.
However there is another possibility to obtain formulas determining

the optical properties of the structure depicted at Figure 1. If one use
the expressions for the amplitude transmission T and reflection R coef-
ficient for a single cholesteric layer [13,14] the transmission T(d) and
reflection R(d) intensity coefficients for the whole structure may be
presented in the following form:

TðdÞ ¼ j½TeTd expðikdÞ�=½1� expð2ikdÞRdRu�j2; ð13Þ

jRðd;LÞj2 ¼ jfRe þ RuTeTu expð2ikdÞ=½1� expð2ikdÞRdRu�gj2; ð14Þ

where Re(Te), Ru(Tu) and Rd(Td) are the amplitude reflection (trans-
mission) coefficients of the CLC layer (see Fig. 1) for the light inci-
dence at the outer (top) layer surface, for the light incidence at the
inner top CLC layer surface from the inserted defect layer and for
the light incidence at the inner bottom CLC layer surface from the
inserted defect layer, respectively. It is assumed in the deriving of
Equations (13,14) that the external beam is incident at the structure
(Fig. 1) from the above only.
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The Equations (13,14), as well as Eq. (12), may be used also for the
determination of the defect mode frequencies. Namely, the defect
mode frequencies correspond to zero values of the denominators of
Equations (13,14).

NONABSORBING LC

Examine in more details the formulas of the preceding section for
nonabsorbing cholesreic layers. The calculated reflection (R(d)) and
transmission (T(d)) spectra at normal incidence inside the stop band
for the structure sketched at Figure 1 are presented at Figures 2, 3.
The figures show maxima in T(d) and minima in R(d) at some frequen-
cies inside the stop band at positions which depend on the defect layer
thickness d. As it is known [1–3,8], the corresponding minima and max-
ima frequencies correspond to the defect mode frequencies. For the
layer thickness d=p¼ 1=4, what is just one half of the dielectric tensor
period in a cholesteric, these maxima and minima are situated just at
the stop band center. In the d=p interval 0<d=p< 0.5 the defect mode
frequency value moves from the high frequency stop band edge to the
low frequency stop band edge. At the further increase of the defect
layer thickness the defect mode frequency oscillates between the high
frequency and low frequency stop band edge. However it is trough if
only Dkd is less than approximately 2p where Dk is the change of the
wave vector at the frequency width of the stop band. When Dkd exceeds
2p the second defect mode frequency appears in the the stop band.
Additional defect mode frequencies appear for a further growth of d
and their number may be estimated as Dkd=2p. The described appear-
ance of many defect mode frequencies inside the stop band is illustrated
by Figures 4a,b. At Figure 4 only T(d) or R(d) are presented because for
a nonabsorbing structure T(d)þR(d)¼ 1.

The determined by Eq. (11) connection of the defect mode frequency
with the isotropic layer thickness d for infinitely thick CLC layers is
shown at Figure 5. Again the defect mode frequency (at Fig. 5) just
at the stop band center corresponds to the layer thickness d=p¼ 1=4.
The same results follows directly from (11) if one assumes p=2j¼ 1:

d=p ¼ ð1=2pÞarctg½2=f½4þ d2�1=2 � 2g1=2� � ð1=2pÞarctg½4=d� ð15Þ

what approximately corresponds to d=p¼ 1=4þn=2, where n is zero or
an integer number.

The shift of the defect mode frequency Dx in the interval Dx=xBj j<d
due to a small variations of d (Dd) close to the d=p¼ 1=4 is approxi-
mately given by the relation
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Dx=xB ¼ �4Dd=p; ð16Þ

where the Bragg frequency xB (frequency at the stop band centre) is
2pc=pe0

1=2
.

As the calculations show the defect mode frequency is only slightly
dependent on the CLC layer thickness L. It is why the corresponding

FIGURE 2 R(d) versus the frequency (n¼ 2(x�xB)=(xB)� d) for a nonabsorb-
ing CLC (c¼ 0) at d=p¼ 0.1 (a) and d=p¼ 0.25 (b); d¼ 0.05, l¼ 200,
l¼Ls¼ 2pN, where N is the director half-turn number at the CLC layer
thickness L.
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FIGURE 3 T(d) versus the frequency (n¼ 2(x�xB)=(xB)� d) for a non-
absorbing CLC (c¼ 0) at d=p¼ 0.1 (a), d=p¼ 0.25 and d=p¼ 0.4 (c); d¼ 0.05,
l¼ 200, l¼Ls¼ 2pN, where N is the director half-turn number at the CLC
layer thickness L.

136 V. A. Belyakov

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

39
 0

9 
A

ug
us

t 2
01

2 



dependence for an infinitely large L may be regarded as a good
approximation for any L.

The defect mode field is localized in the defect layer and close
around it [1–3,8]. An illustration of a such localization is presented
by the coordinate field distribution of a defect mode for infinitely thick
CLC layers at Figure 6. The maximum of the field amplitude is located

FIGURE 4 R(d) versus the frequency (n¼ 2(x�xB)=(xB)� d) for a non-
absorbing CLC at d=p¼ 200.1 (a) and T(d) versus the frequency at
d=p¼ 1000.6 (b); d¼ 0.05, N¼ 33.
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at the defect layer and the field amplitude attenuates exponentially in
CLC outside of the defect layer. The most strong attenuation occurs for
the layer thickness d=p¼ 1=4, i.e. for the defect mode frequency just at
the stop band centre, with decreasing of the attenuation upon
approaching the defect mode frequency to the stop band edges. The
attenuation growths also with the increase of the CLC layers dielectric
anisotropy d.

For infinitely thick CLC layers in the model under consideration the
defect mode frequency is a real quantity and the defect mode life time
is infinite. It is not the case for a limited CLC layer thickness. For non-
absorbing CLC layers of finite thicknesses the determinant (12)
reaches zero value for a complex frequency. The physical sense of a
complex frequency is quite clear. For nonabsorbing CLC layers of a
finite thickness there is a leakage of the defect mode electromagnetic
field through the external surfaces of the CLC layers and, conse-
quently, it results in a decay of the defect mode. Just the imaginary
part of the frequency and the finite life time of the defect mode are
determined by this leakage.

Instead of a direct solution of the equation for complex frequency
following from the expression (12) (Det(d,L)¼ 0) the Equations (13,14)
may be used also for the estimation of the imaginary part of defect
mode frequency. One has to admit a non zero imaginary addition to
the frequency (defined, for example, by the relation x=Re[x]¼ 1þ is),

FIGURE 5 Calculated connection between d=p and the defect mode
frequency (n¼x=xB) for nonabsorbing CLC layers of infinitely large thickness
(d¼ 0.05).
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where s is a small quantity) and search for extremes of the
Equations (13,14) relative to this imaginary addition. The correspond-
ing calculations are presented at Figures 7, 8. The calculations
demonstrate that the imaginary addition decreases with the CLC
layer thickness increase and the addition decreases also with
approaching of the defect mode frequency to the stop band centre at
fixed CLC layers thickness. The defect mode life time s determined
as s ¼ 1=jImxj grows correspondingly with the CLC layer thickness
increase and reaches a maximum for the defect mode frequency at
the stop band centre at fixed CLC layers thickness.

ABSORBING LC

Examine now the formulas (13,14) for absorbing cholesreic layers. To
take into account the absorption define the ratio of the dielectric con-
stant imaginary part to the real part of e as c, i.e. e¼ e0(1þ ic). Note,
that in real situations c<< 1. A natural consequence of the non zero
absorption, i.e. c> 0, is reduction of the transmission T(d) and reflec-
tion R(d) coefficients. However there are some interesting peculiarities
of the optical properties of the structure under consideration (Fig. 1).
The calculation results presented at Figures 9–12 reveal these pecu-
liarities. For absorbing structures T(d)þR(d)< 1 and the presented at

FIGURE 6 Calculated distribution of the squared field modulus versus the
distance from the defect layer centre (x¼ z=p) for nonabsorbing infinitely thick
CLC layers (d¼ 0.05,0.1,0.2 from the top curve to the bottom, respectively);
d=p¼ 1=4.

Defect Modes in CLC 139

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

39
 0

9 
A

ug
us

t 2
01

2 



Figures 9–12 quantity 1�T(d)�R(d) gives a total absorption in the
structure. Up to the relatively strong absorption (c¼ 0.005 at Fig. 9)
the spectral shapes of reflection and transmission conserve typical
for the defect mode minima and maxima in reflection and trans-
mission coefficients, respectively, nevertheless deviating from the case

FIGURE 7 R(d) (a) and T(d) (b) versus the frequency (n¼ 2(x�xB)=(xB)� d)
for a nonabsorbing CLC at the complex addition to the frequency
(x=Re[x]¼ 1þ is)) for s¼ �0.012 ; d=p¼ 0.1, d¼ 0.05, N¼ 33.
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of nonabsorbing CLC (see Figs. 2, 3). However, at the decrease of c to
a small value the spectral shapes of reflection and transmission are
almost approaching to the case of nonabsorbing CLC (see Figs. 12a,b
corresponding c¼ 0.0003).

FIGURE 8 R(d) (a) and T(d) (b) versus the frequency (n¼ 2(x�xB)=(xB)� d)
for a nonabsorbing CLC at the complex addition to the frequency (x=Re[x]¼
1þ is)) for s¼�0.00466; d=p¼ 1=4, d¼ 0.05, N¼ 33.
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FIGURE 9 R(d) (a), T(d) (b) and the total absorption (c) for an absorbing CLC
versus the frequency (n¼ 2(x�xB)=(xB)� d), c¼ 0.005; d=p¼ 0.1, d¼ 0.05,
N¼ 33.
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FIGURE 10 R(d) (a), T(d) (b) and the total absorption (c) for an absorbing
CLC versus the frequency (n¼ 2(x�xB)=(xB)� d), c¼ 0.002; d=p¼ 0.1,
d¼ 0.05, N¼ 33.
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FIGURE 11 R(d) (a), T(d) (b) and the total absorption (c) for an absorbing
CLC versus the frequency (n¼ 2(x�xB)=(xB)� d), c¼ 0.001; d=p¼ 0.1,
d¼ 0.05, N¼ 33.

144 V. A. Belyakov

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

39
 0

9 
A

ug
us

t 2
01

2 



FIGURE 12 R(d) (a), T(d) (b) and the total absorption (c) for an absorbing
CLC versus the frequency (n¼ 2(x�xB)=(xB)� d), c¼ 0.0003; d=p¼ 0.1,
d¼ 0.05, N¼ 33.
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What is concerned of the total absorption it demonstrates quite
unusual frequency dependence. At a small c for some frequencies
the absorption occurs to be much more than the absorption out of
the stop band (see Figs. 9–12). If c is not too small (Fig. 9c,
c¼ 0.005) the total absorption increase reveals itself at the stop band
edges (at the frequencies of the stop band edge modes). It is a manifes-
tation of the so called ‘‘anomalously strong absorption effect’’ known
for perfect CLC layers [14,15]. For a smaller c the total absorption
begins to exceed the absorption out of the stop band at the defect mode
frequency being of the same value as for the stop band edge modes
(Fig. 10c, c¼ 0.002). At the further decrease of c the anomalously
strong absorption effect becomes more pronounced at the defect mode
frequency than at the edge mode frequencies (Fig. 11c, c¼ 0.001
Fig. 12c, c¼ 0.0003). As is clear, the anomalously strong absorption
effect at the defect mode frequency is solely due to the localized defect
mode, i.e. to the defect layer in the structure. Note, that the ‘‘anomal-
ously strong absorption effect’’ at the defect mode frequency and its
realization at some interrelation between c and other LC parameters
reveal themselves in the calculations of the total absorption at the
defect mode frequency as a function of c performed in [8] (the absorp-
tion reaches a maximum at a small finite value of c, see Fig. 8 in [8]).

AMPLIFYING LC

Examine the formulas (13, 14) for amplifying cholesreic layers. As
above, we assume that the dielectric constant is presented by the same
formula e¼ e0(1þ ic), however with c< 0. The calculation results for
the transmission T(d) and reflection R(d) coefficients at c< 0 are pre-
sented at Figures 13–16. For a small absolute value of c the shape of
the transmission T(d) and reflection R(d) coefficients is qualitatively
the same as for zero amplification (c¼ 0) (Figs. 13a,b). The absorption,
however, is a small negative quantity (what means amplification) at
all frequencies with some amplification enhancement at the defect
mode frequency and at the edge mode frequencies (Fig. 13c). For a
growing absolute value of c the shape of the reflection coefficient
R(d) changes at some value of c (typical minimum in R(d) is changed
by a small maximum close to 1 and the transmission T(d) exceeds 1
noticeably (Fig. 14)). At further increase of the absolute value of c
the reflection and transmission coefficients at the defect mode fre-
quency for the chosen values of the problem parameters exceed one
hundred (Fig. 15) with no signs of noticeable maxima at other frequen-
cies. The corresponding value of c may be considered as close to the
threshold value of the gain (c) for the DFB lasing at the defect mode
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FIGURE 13 T(d) (a) and R(d) (b) for an amplifying CLC versus the frequency
(n¼ 2(x�xB)=(xB)� d), c¼ �0.00005; d=p¼ 0.1, d¼ 0.05, N¼ 33.
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FIGURE 14 T(d) (a), R(d) (b) and the total absorption (c) for an amplifying
CLC versus the frequency (n¼ 2(x�xB)=(xB)� d), c¼ �0.0006; d=p¼ 0.1,
d¼ 0.05, N¼ 33.
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frequency. Continuing the increase of the absolute value of c one finds
that diverging maxima at the edge mode frequencies appear (without no
traces of maximum at the defect mode frequency) for the gain being five
time more than the threshold gain for the defect mode (Fig. 16). At
further continuing of the increase of the absolute value of c one finds
that new edge mode frequencies, more distant from the stop band
edge [16], appear. The observed result show that the defect mode

FIGURE 15 T(d) (a) and R(d) (b) for an amplifying CLC versus the frequency
(n¼ 2(x�xB)=(xB)� d), c¼�0.00117; d=p¼ 0.1, d¼ 0.05, N¼ 33.
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lasing threshold gain is lower than the corresponding threshold for the
stop band edge modes. Another conclusion following from this study is
the revealed existence of some interconnection between the LC para-
meters at the lasing threshold which was found analytically for the edge
modes in [16]. Really, a continuous increase of the gain results in
consequential appearance of a lasing at new modes with disappearance
of lasing at the previous ones corresponding to more low thresholds.

FIGURE 16 T(d) (a) and R(d) (b) for an amplifying CLC versus the frequency
(n¼ 2(x�xB)=(xB)� d), c¼�0.0045; d=p¼ 0.1, d¼ 0.05, N¼ 33.
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CONCLUSION

The performed in the previous sections analytical description of the
defect modes neglecting the polarization mixing at the boundaries of
CLC in the structure under consideration allows one to reveal clear
physical picture of these modes which is applicable to the defect modes
in general. For example, more low lasing threshold and more strong
absorption (under the conditions of anomalously strong absorption
effect) at the defect mode frequency compared to the edge mode fre-
quencies are the features of any periodic media. Note, that the experi-
mental studies of the lasing threshold [3] agree with the corresponding
theoretical result obtained above. Moreover, the experiment [3] con-
firms also the existence of some interconnection between the gain
and other LC parameters at the threshold pumping energy for lasing
at the defect (as well at the stop band edge) mode frequency. Namely,
an increase of the pumping energy above the threshold value results
in decrease of the lasing intensity (see Fig. 5 in [3]).

For a special choice of the parameters in the experiment the
obtained formulas may be directly applied to the experiment. How-
ever, in the general case one has take into account a mutual trans-
formation at the boundaries of the two circular polarizations of
opposite sense. For example, the observed in the experiment [3] circu-
lar polarization sense of the emitted from the defect structure wave
above the lasing threshold may be opposite to the polarization sense
responsible for the defect mode existence. Evident explanation of the
‘‘lasing’’ at the opposite (nondiffracting) circular polarization is in
the following. Due to the polarization conversion a nondiffracting
polarization freely escapes from the structure. This polarization con-
version phenomenon adds also a contribution to the frequency width
of the defect mode. So there is also need to take into account the polar-
ization mixing in calculations of the defect mode life time (frequency
width). In the general case the defect mode field leakage from the
structure is determined as well by the finite CLC layer thickness so
by the leakage due to the polarization conversion. Only for sufficiently
thin CLC layers or in the case of the defect mode frequency being very
close to the stop band frequency edges the main contribution to the
frequency width of the defect mode is due to the thickness effect and
the developed above model may be directly applied for the describing
of the experimental data.

There is an opportunity to obtain results in the present model which
may simulate the polarization conversion and to be quantitatively
applicable for the experiment description. Because the polarization
conversion at the CLC surfaces is order of the dielectric anisotropy d
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(in the absence of reflection at a dielectric boundary) [13,14] the con-
sideration of the problem in the frame work of the present model
and its results would correspond to a real situation for very thick
CLC layers if in the consideration the CLC layer thickness L would
correspond to the transmission coefficient of the CLC layer inside
the stop band to be approximately equal to the CLC anisotropy d.
And, more general, for a real structure with the layer thickness L
one has to consider in the present approach the structure with the
CLC layer thickness less than L for simulation of the polarization
conversion. It should be noted that the applied analytical approach
facilitated to reveal the ‘‘anomalously strong absorption effect’’ at
the defect mode frequency. The corresponding observation would be
much more difficult to do at a purely numerical approach.

The defect type considered above is a homogenous layer. The
developed approach is applicable also to a defect of ‘‘phase jump’’
type [2,3,8]. Taking into account the present results one may say in
advance that, unlike for the considered homogenous layer defect, for
a ‘‘phase jump’’ defect only one defect mode frequency inside the stop
band frequency range is possible.
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